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Abstract. We establish the existence of the asymptotic expansion of the Bergman 
kernel associated to the spin'^ Dirac operators acting on high tensor powers of line 
bundles with non-degenerate mixed curvature (negative and positive eigenvalues) 
by extending 1 15 1. We compute the second coefficient bi in the asymptotic expansion 
using the method of L24J . 



0. Introduction 

In ['15', Theorem 4.18'], Dai, Liu and Ma established the full off-diagonal asymp- 
totic expansion of the Bergman kernel of the spin'^ Dirac operator on high tensor 
powers of a line bundle on a compact symplectic manifold. This paper is a conti- 
nuation of their work. 

For some applications, it is necessary to compute the first two coefficients bo, bi of 
the asymptotic expansion. The approach of IflSI is to relate the heat kernel and the 
Bergman kernel expansions. The computation of the coefficients of the Bergman 
kernel expansion is done by using the corresponding coefficients of the heat kernel. 
Thus, 6o is calculated in [15, Theorem 1.1] and 6i in [11511 Theorem 1.3], the latter 
only in the Kahler case. These results brought a new proof of lfT4 t l22 t l27ll281. 

Considering the symplectic case, the coefficient of in the Taylor expansion of 
the rescaled operator does not vanish, thus it is complicate to compute bi in this 
way. However, we developed in \\24:\ §1.5] a method of formal power series to com- 
pute the coefficients for the renormalized Bochner-Laplacian. The main result of 
this paper is Theorem 12. IL where we compute the coefficient bi in the asymptotic 
expansion of the Bergman kernel associated to the spin'^ Dirac operators by apply- 
ing the method in [24, §1.5, 2.3]. Comparing with II24L §2.3], the contribution from 
the coefficient of in the Taylor expansion of the rescaled operator in ( 12. 7t is 
quite complicate here. But after taking the trace in ( I2.2t . we refind the Hermit- 
ian scalar curvature of 1^ 1711 . For more details on our approach we also refer the 
readers to our recent book Il25ll . 

Another feature of the paper is that we do not suppose that the almost complex 
structure polarizes the curvature of the line bundle, that is we allow bundles with 
mixed curvature (negative and positive eigenvalues). In SectionlH we explain that 
the arguments in II15II still work well under this condition (cf (II. 6t ). Then we 
compute the coefficient 6i in Section El 
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This Section is organized as follows. In Section fLll we recall the Lichnerowicz 
formula for the spin'^ Dirac operator Dp. As a consequence we exhibit the spectral 
gap for Dp without assumption that the almost complex structure J polarizes the 
symplectic form uj. This is done in Section fL2l We explain in Section fL3l the full 
off-diagonal asymptotic expansion for the Bergman kernel. Then we show how to 
handle the operator d + d* , which is the content of Section fOl we explain also its 
relation to the tangent Cauchy-Riemann complex in Section fL5l 

1.1. The spin'' Dirac operator. Let {X,uj) be a compact connected symplectic 
manifold of real dimension 2n. Assume that there exists a Hermitian line bundle 
L over X endowed with a Hermitian connection with the property that ^^R^ = 
UJ, where R^ = (V^)^ is the curvature of (L, V^). Let {E, h^) be a Hermitian vector 
bundle on X with Hermitian connection and its curvature R^ . 

Let J be an almost complex structure on TX and g^^ be a Riemannian metric 
on X compatible with J, i.e. g^^{-,-) = g^^{J-,J-). We designate by V^^ the 
Levi-Civita connection on (TX, g^-^) and by R^^ and its curvature and scalar 
curvature, respectively. 

The almost complex structure J induces a splitting TX ®k C = T^^-^^X © T^^'^^X, 
where T^^ ^^X and T^^'^^X are the eigenbundles of J corresponding to the eigen- 
values and — respectively. Then p(i °) = ^(1 — ^/^J) is the projec- 
tion from TX ®^ C onto T(^'°)X. For any v e TX ®^ C with decomposition v = 
f 1,0 + ^^0,1 e T(i'0)X © T(0'i)X, let G T*(o.i)x be the metric dual of v^^o- Then 
c{v) = V2{vI q a -i„o,i) defines the Clifford action of v on A(T*(°'^)X), where A and i 
denote the exterior and interior product respectively. 



Let V^" = pm^TXpim be the connection on T^^'^^X induced by V^^, with 
curvature Let V^"* be the Clifford connection on A(T*(°'i)X) induced 

canonically by V^-^ (cf (131 §2])^ and let i?^'^^^ be its curvature. Let {ej}i<;i^2n 
be an orthonormal basis of TX. From the definitions, we get (cf also II24L (0.12)]) 



Let V^'' be the connection on Ep := A{T<°'^^X) ® ® E induced by V^^^^ and 
V^. The spin"" Dirac operator Dp is defined using V^'' and acts on fi°'*(X, W ®E) = 
0g=o ^^"'^{X, U ®E), the direct sum of spaces of (0, g)-forms with values in W © E. 

(23', (2.3)], one missed a term '+i Trj.(i,o)jf F' in the right hand side of the first hne, and the 
second hne should be read as ' = d + '}2,im{{pwi-,Wm)w™' A 1^1+' 



1. Bergman kernel of the spin'' Dirac operator 



(1.1) 



R 



,T'(i,o)x 
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We refer the reader to |'23', (2.6)] for the precise definition. We content ourselves to 
describe the operator in the sequel. 

Let be the metric on Ep induced by g'^^, and h^. Let dvx be the 

Riemannian volume form of {TX, g^-^). The L^-scalar product on Vf''(X, ® E), 
the space of smooth sections oi Ep, is given by 

(1.2) l^si,S2)= / {si{x),S2{x))E^dvx{x) . 

Jx 

We denote the corresponding norm with || ||l2. 

Let (V^f)* be the formal adjoint of V^f with respect to ( I1.2D . Set 

(1.3) c{R) = i (i?^ + i Tr[i?^'^''"^]) {ei, e^) c{ei) c(e^). 

Then the Lichnerowicz formula [4, Theorem 3.52] (cf Il23l Theorem 2.2]) for Dp is 

(1.4) Dl = (V^^)* V^- + ^r^ + ^pR\e,, e^) c(eO c(e^) + c{R). 

The Bergman kernel Pp{x,x'), {x,x' G X), is the smooth kernel with respect to 
dvx{x') of the orthogonal projection Pp from W^E) on Ker Dp . Then Pp{x, x) 

is an element of End(A(T*(°'i)X) ® E)^ . 

1.2. Spectral gap of the spin'^ Dirac operator. We choose the almost complex 
structure J such that uj is J-invariant, i.e. cj(-, ■) = uj{J-, J ). But we do not suppose 
that J ) is positive in Sections 1 1.2H 1.41 This is the difference comparing with 
the assumption in ll23lfT5l[24ll . 

Let J : TX — > TX be the skew-adjoint linear map which satisfies the relation 

(1.5) u{u,v) = g^^{iu,v) 

for M, f G TX. Then J commutes with J. Thus J G End(T(^'°)X), and for any x G X, 
we can diagonalize J^., i.e. find an orthonormal basis {wj}'^^^ of T^^ ^^X such that 
ixWj = ^^aj{x)wj with aj{x) eR. As lu is non-degenerate, the number of negative 
eigenvalue of Jx G End(Ti^'°^X) does not depend on x, and we denote it by q (In 
11231115112411 . we suppose that q = 0). From now on, we assume that 

(1.6) JxWj = ^ a,- Wj, aj{x) < for j ^ g and a,(a;) > for j > q. 
Then the vectors {wjYj^-^ span a sub-bundle W of T(i'0)X. Set 

n q q n 

0Jd{x) = - ^ ajW^ A + X] ^ X] '^J'^^j A - ^ ajW^ A , 
j=l j=l j=l j=g+l 

n q n 

^ ^ ^ r(x)=.TrM-JY/^ = EKI = -E«^ + E « 



j=X j=l j=q+l 



fiQ = inf \aj{x) 

xGX,j 
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Then we have 

(1.8) ^R^i^i, Cm) c{ei) c(e„) = -2ud - r. 

The following result extends 112 31 Theorem 2.5] to the current situation. We 
denote by ^]^9(X, ® E) = 0;,._,^ ^^■''{X, Lp®E). 

Theorem 1.1. There exists C > such that for any p eN 

(1.9) \\Dps\\l2 ^ {2pfio ~ C)\\s\\l2 , for sen^\X,U> ®E). 
Proof By OI) and (O, for s G ® E) , 

(1.10) \\D,s\\l. = {II V^^-^^^^^slli. -p{t{x)s, s)}-2p {u.s, s) + {{^ + c(i?)) s, s) . 

We consider now s e Lp » E'), where E' = E ® A(T*(°'i)X). By (gSl Corollary 

2.4] which is a direct consequence of the Lichnerowicz formula (cf also II20L Theo- 
rem 1], IflOl Theorem 2.1], iTlSl Theorem 4.4]), there exists C > such that for any 

p > 0, s e LP O E'), we have 

(1.11) P'^'^'^'^L^ - P ^) > -C\\S\\1. . 

If s G Q^'^{X, LP ® E), the second term of dl.lOD . —2p {uj^s, s) is bounded below by 
2p/io||s||^2, while the third term of dl.lOD is ^(||s||^2). The proof of ( I1.9D is completed. 

□ 

Set 



(1.12) 



D„ — Dp\QO,even, D — Dpl^OMd, 



Oq = — if g is even; Oq = + if g is odd . 

By using the trick of the proof of Mckean-Singer formula and Theorem II. 1[ the 
same proof as in [23, §3] gives the following extension of II23L Theorem 1.1]. For 
any operator A, we denote by Spec(A) the spectrum of A. 

Theorem 1.2. There exists C > such that for p eN, 

(1.13) Spec(D2) c {0} U [2pfio - C, +oo[. 
For p large enough, we have 

(1.14) KerD°^ = {0}. 

1.3. Off-diagonal asymptotic expansion of Bergman kernel. The existence 
of the spectral gap expressed in Theorem 11.21 allows us to obtain immediately as 
in II15L Prop. 4.1] the far off-diagonal behavior of the Bergman kernel. Namely, 
for any l,m e N and e > 0, there exists Ci^rn,e > such that for p ^ 1, G X, 

d{x, x') > e, 

(1.15) \Pp{ X, x')\^^m(^xxX) ,m,eP ■ 

We denote by Idct{W*)(g,E orthogonal projection from E := A(T*(°'^)X) (g) E onto 
det(W^*) (g) E. Let tt : TX Xx TX X be the natural projection from the fiberwise 
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product of TX on X. Let V^"'^^^) be the connection on End(A(T*(° i)X) ® induced 
by V^iiff and V^. 



For xo G X, we identify Lz, Ez and (-Ep)z for Z e B^'^o^ (o, e) to Lx^.E^^ and {E. 



pjxo 



by parallel transport with respect to the connections V^, and V^f along the 
curve 7z : [0, 1] 3 u ^ exp^^{uZ). Under this identification and ( I1.15D . we will view 

Pp{x,x') as a smooth section Pp,^„(Z, Z'), {Z, Z' e 5^-o^(0, e)), of 7r*(End(A(r*(0'i)X)® 
E)) on TX xx TX. And v^'^'^^^^ induces naturally a ^'"-norm for the parameter 
xq e X. 

Let dvTx be the Riemannian volume form on (Tj.qX, (yf^^o^). Let k{Z) be the 
smooth positive function defined by the equation 

(1.16) dvxiZ) = K{Z)dVTxiZ), 

with k{0) = 1. We denote by detc for the determinant function on the complex 
bundle T^^^^X, and \3xa\ = (— Ji,,)^^^- Denote by Vu the ordinary differentiation 
operator on T^yX in the direction U. On Tx^X ~ R^", set 

(1-17) 4c = - E (^^. + lRiiZ,e,)y -Tx,. 

j 

Let P{Z, Z') be the Bergman kernel of ^, i.e. the smooth kernel of the orthogonal 
projection from ^^(M^n^ Q^to KerL° c- Then for Z, Z' e T^^X, 

(1.18) P{Z, Z') = detcd J.J) exp ( - I (|J.,,|(Z - Z'), {Z - Z')) - 7rv^(J,,,Z, Z') ) . 

The main result of this part is the following extension of 1115!, Theorem 4.18']. 

Theorem 1.3. There exist polynomials Jr{Z, Z') e End(A(T*(0'i)X) ® E)^^ [xo G X), 
in Z, Z' with the same parity as r and with deg Jr ^ 3r, whose coefficients are 
polynomials in R^^, i?^'^'"''^, (and R^) and their derivatives of order ^ 2r — 1 
{resp. ^ 2r) and reciprocals of linear combinations of eigenvalues of J at xq, such 
that by setting 

(1.19) PW(Z, Z') = MZ, Z')PiZ, Z'), MZ, Z') = detcd J.ol)/det(W*)«i. . 

the following statement holds: There exist C" > such that for any k, m, m' G 
there exist X G N and C > with 



(1.20) 



QH+\a'\ 



dZ^dZ 



^ (^P,{Z,Z') -J2P^'^\V^z,^z')^~\z')p-^A 



(X) 

for any a, a' G W, with \a\ + \a'\ ^ m, any Z, Z' G Tj-^X with \Z\, \Z'\ ^ e and any 
Xo E X, p ^ 1. 

Here ^"^'(X) is the ^'"'-norm for the parameter xq G X. We say that a term 
T = ^(p-°°) if for any /, /i G N, there exists G > such that the ^'^-norm of T is 
dominated by Q 
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Proof. By using Theorems 11.11 11.21 we know the arguments in II15L §4.1-4.3] go 
through without any change. By ( II. 4D . ( II. 8D . as in L15. (4.105)], the corresponding 
hmit operator here is still 

(1.21) ^2 = L^i^ — 2(^rf^a.Q. 

Let e~"^°.c(Z, Z'), e^^2(Z, Z') be the smooth kernels of e""^°.c, e'^^^ with respect to 
dvTx{Z'). Now from (fr2Tb (cf |8, (6.37), (6.38)]), we need to replace 1 15, (4.106)] 
by the following equations 



".c (Z, Z') = detc ( i ) exp f - - / -^l^M^z, Z 

(1.22) ( ^l*^^"! 7^ _|_ / ^|J^'ol ^-27rv^Mj^„y ^' 

2 \tanh(27rM| Ja-gl) ' / \ sinh(27rM| J^.(,|) 
e-"^°(Z, Z') = e""^2>c(^^ Z')e2"^'*--o. 

Observe that for cj^,^,, g End(A(T*(o.i)x))^„, by ( fTTb . 

(1.2o) ^ ^ 

i^d,xo ^ — /^o on (det(iy )xo) = the orthogonal complement of det(H^ ). 

Thus from ^ §4.4, 4.5], we get Theorem fOl □ 

If we take Z,Z' = in Theorem 11.31 we infer the following result by the same 
argument in Ill5i §4.5]. 

Theorem 1.4. There exist smooth coefficients br{x) G End(A(T*(°'^^X) (g) E)^ which 
are polynomials in R^^, R^^^'°^^, (and R^) and their derivatives of order ^ 2r — 1 
{resp. ^ 2r) and reciprocals of linear combinations of eigenvalues of J at x, such 
that 

(1-24) 6o = detc(|J|)/det(W*)«£; 

and for any k,l e'N, there exists Ck,i > with 



(1.25) 



Pp{x,x) - ^brix)p'^ ^ Ck,lP 

r=0 



n—k—1 



for any x e X and p E N. Moreover, the expansion is uniform in that for any 
kj e N, there is an integer s such that if all data (g^^, h^, V^, h^, V^) run over a 
set which are bounded in '^^ and with g^^ bounded below, there exists the constant 
Ck^i independent of g^^, and the '^^-norm in ( I1.25& includes also the derivatives on 
the parameters . 

1.4. Holomorphic case revisited. In this Section, we suppose that (X, J) is a 
complex manifold with complex structure J and E, L are holomorphic vector bun- 
dles on X. We assume that V^, are the holomorphic Hermitian (i.e. Chern) 
connections on {E, h^), (L, h^) and moreover, uj := ^^R^ defines a symplectic form 
on X. Therefore the signature of the curvature ^^^R^ (i-e. number of negative 
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and positive eigenvalues) with respect to any Riemannian metric compatible with 
J will be the same. Let g'^-^ be any Riemannian metric on TX compatible with J. 
Since g"^-^ is not necessarily Kahler, J 7^ J in ( I1.5D in general. Recall the number q 
is defined by ( II. 6D . i.e. is the number of negative eigenvalues of a;. Set 

(1.26) 0(X,F) =/^(JX,F). 

Then the 2-form need not be closed (the convention here is different to 16, (2.1)] 
by a factor —1). 

Let ^^'* be the formal adjoint of the Dolbeault operator on the Dol- 

beault complex i7°'*(X, (g) E) with the scalar product induced by g"^^, h^, as in 
OI). Set 

(1.27) D, = v^(9^''^%9''^^'*)- 

We denote by n^''^^ = 0^ + the Kodaira-Laplacian. Then 

Dp = 2D^^'^-^ it is twice the Kodaira-Laplacian and preserves the Z-grading of 
LP ^ E). By Hodge theory, we know that for any k,p eN, 

(1.28) KeiDpl^o.k = KeiDll^o.k ~ H^'^{X, ® E), 

where ® E) is the Dolbeault cohomology. Here Dp is not a spin"^ Dirac 

operator on f2°'*(X, ® E), and D^ is not a renormalized Bochner-Laplacian as 
in |[24|, so we cannot apply directly Theorems 11.11 and 11.21 Now we explain how 
to recover the conclusions of these theorems in the case of Dp . The first step is to 
exhibit the spectral gap. 



Theorem 1.5. The statements of Theorems \1. 1\ and \1.2\ still hold for the operator 
Dp defined by ( I1.27D . In particular, for p large enough, 

(1.29) H'^'^X, LP^E)=0 fork^ q. 

Proof As we will use |7, Theorem 2.3] to study the Bergman kernel in the sequel, 
we prove Theorem ll.Sl bv explaining |7, Theorem 2.3]. 

Let 5*"^ denote the 1-form with values in the antisymmetric elements of End(TX) 
which satisfies 

(1.30) {S-^{U)V,W) = -^^(^{d-d)eyU,V,W), ior U,V,WeTX. 

The Bismut connection on TX is defined by 

(1.31) V-^ = V^^ + 5-^. 

Then by Id Prop. 2.5], preserves the metric g'^^ and the complex structure 
of TX. Let V'^'^* be the holomorphic Hermitian connection on det{T^^'^^X) whose 
curvature is denoted R^'^^. Then these two connections induce naturally an unique 
connection on A(r*(°'^)X) which preserves its Z-grading, and with the connections 
V^, V^, we get a connection V^^'-^'' on A{T<^^^^X) ® ® E. Let (V^^'^f)* be the 
formal adjoint of V-^'^*". Let C{TX) be the Clifford bundle of TX. We define a map 
^ : A(T*X) ^ C{TX), by sending A ■ ■ ■ A e'^ to c(ei J ■ ■ • c(eij for ii < ■ ■ ■ < i^. For 
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B G A^{T*X), set = Ei<j<fe \B{eu e^, efc)p. Then we can formulate [7, Theorem 
2.3] as following: 

(1.32) Dl = (^s7-^'^'^yv~^'^'' + X + '^^^ + + ^^"^"'^ 

( (I1.32D can be seen as a Bochner-Kodaira-Nakano type formula.) By using ( II. 8D . 
dl.llD and (I1.32D . as in Theorems II. II and 11.21 we see that the conclusions of these 
theorems still hold for the operator Dp defined in ( 11.271 ). In particular ( I1.9D holds. 
Now from dHH) and (fL28b . we get (fL29b . □ 

Remark 1.6. The vanishing result (ll.29t is Andreotti-Grauert's coarse vanishing 
theorem lUl §23] (where it is proved by using the cohomology finiteness theorem 
for the disc bundle of L*). It can also be deduced, as shown by Griffiths llT9l p. 432], 
from the usual Bochner-Kodaira-Nakano formula II16U19L l26ll . The latter implies 
the following inequality for u G Q'^'^{X, W ® E): 

(1.33) ^(p^^'^^^f ^ j {[^{pR'^ + R''),K]u,u)dvx 

_ i (llTwf + ||T*Mf + llTnf + lirnf ) 

where A = i(0) denotes the interior product with and T = [A, d&\ is the torsion 
of the metric (7^^. We have pointwise 

(1.34) ([v^i?^, A]u,m) ^ (Ai + . . . + Afc - Xn-m+l - ... - \n)\u\\ 

where Ai ^ A2 ^ . . . ^ An are the eigenvalues of y/^R^ with respect to 6. If m = 
the right-hand side becomes (— A^+i — ... — A„)|Mp. As in Il26l Lemma 4.3] we can 
restrict ourselves to those metrics g"^^ such that the negative eigenvalues Ai, . . . , A^ 
are very large and the positive ones Ag+i, . . . , A„ are very small in absolute value. 
Therefore, for A; < g there exists a constant fxi > such that — A^+i — . . . — A„ ^ /xi 
on X. By STS^ we obtain (0 for u G fi°'<^(X, L" ® E) = ©fc<,fi°'^(X, Lp^E). 

In order to consider the case k > q, we apply again ( I1.33D and ( I1.34D for {n, q) 
W ® K*x ® -E-valued forms, which involves another change of metric, for which 
Ai, . . . , Ag are small and A^+i, . . . ,\n are large in absolute value. Thus we get ( I1.9D 
also for u e n^^>i{X,LP E) = Q)k>g^°''' {X , Lp ® E), but for yet another class of 
metrics g^^. Of course, the estimates just obtained entail immediately ( I1.29D . 

We see however that by using ( I1.33D the essential estimate ( I1.9D for a fixed metric 
g'^^ seems out of reach, as well as the existence of the spectral gap (I1.13D . 

By Theorem 11.51 the kernel of is concentrated in degree q. We consider thus 
the Bergman kernel of D'^ in this particular degree. Let Pp'''(x, x') be the smooth 
kernel with respect to dvx{x') of the orthogonal projection from f2°'''(X, Lp ® E) on 
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Theorem 1.7. The Bergman kernel Pp''^{x,x') has a full off-diagonal asymptotic 
expansion analogous to ( I1.20D with Jo = detc(|J|)/det{W*)®£ cis p —> oo. 

Proof We use now the connection V^'^" instead of V^" in [15 , §3]. Then by ( I1.9D 
and ( I1.32D . everything goes through perfectly well and as in [15, Theorem 4.18], so 
we can directly apply the result from [.15 1 to get the full off-diagonal asymptotic 
expansion of the Bergman kernel. As the above construction preserves the Z- 
grading on U' ® E), we can directly work on L'p (g) E). □ 

Remark 1.8. From the arguments here and [l23ll . Il24t §3.5], we get naturally the 
covering version of Sections I1.2H1.4L 

I. 5. Relation to the tangential Cauchy-Riemann complex. If g = 0, i.e. J has 
only positive eigenvalues. Theorem 11.71 boils down to [24, Theorem 3.9]. Theorem 

II. Tl for a; = a;' is first due to Zelditch 128 [ and Catlin [ 14 [ and is based on the Boutet 
de Monvel-Sjostrand parametrix [ |T2|I for the Szego projector on CR functions on 
the boundary of the "Grauert tube" associated to L. For general q ^ 0, Berman 
and Sjostrand [5] recently studied the asymptotic expansion Pp{x,x'), too. They 
use an approach of Melin- Sjostrand originating in the theory of Fourier integral 
operators with complex phase. 

In this section we briefly discuss the link between our analysis for q and the 
the kernel of the Szego projector on (0, k) forms on the boundary of the Grauert 
tube. We use the notations and assumptions from Section fL4l 

Let Y = {u G L*,\u\fiL* = 1} be the unit circle bundle in L*. F is a real hy- 
persurface in the complex manifold L* which the boundary of the disc bundle 
D = {u G L*,\u\hL* < 1}, with defining function g = \u\,-^l* — 1. The Levi form 
of g restricted to the complex tangent plane of Y coincides with the pull-back of 
CO through the canonical projection n : Y ^ X. Hence it has q negative and n — q 
positive eigenvalues. We denote by r*(°'i)(F) = T^^'^^L* n {T*Y ®k C) the bun- 
dle of (0, l)-forms tangential to Y and by the space of smooth sections of 
^fc^2^*(o,i)y^ The d operator on the ambient manifold L* induces as usual a tan- 
gential Cauchy-Riemann complex on the hypersurface Y Il21[ l2ll3ll. 

(1.35) — > ^ ^ . . . ^ 0. 

The db operator commutes with the action of on Y. 

The connection on L induces a connection on the S*^ -principal bundle tt : F ^ 
X, and let T^Y c TY be the corresponding horizontal bundle. Let us introduce 
the Riemannian metric g^^ = 7T*{g^^)®d^^ on TY = T^Y®TS\ We will denote by 

the formal adjoint of db with respect to this metric and form the Kohn-Laplacian 

(1.36) Db = dbdl + dldb. 

The operators dl and Db also commute with the action of on Y. Consider 
the space of smooth functions / on F which transform under the action 
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(y, ?9) t— > e*'^?/ of S-^ according to the law 

(1.37) f(e'%)=e^P^f{y). 

This space of functions can be identified naturally with the space of smooth sec- 
tions L^). More generally, the space of sections Q'^'^{Y)p which transform 
under the action of according to the law ( 11.37ft can be naturally identified 
with the space Q,^'^{X, L^). Therefore, for each integer p, we get a subcomplex 
(i7°'*(F)p, db ) of the tangential Cauchy-Riemann complex ( ll.35t . isomorphic to the 

Dolbeault complex L^), d ) . Moreover, the action of on fi°'*(F)p is iden- 

tical to the action of the Kodaira-Laplacian on L^), via the the complex 

isomorphism just mentioned. 
Let us consider the spaces of -harmonic spaces 

(1.38) = ker □,|f,o,.(y) , ^^'\Y)p = ker □^^...(y)^ . 
Then 

(1.39) jrO'^(r) = ©pez^°''^(r)p = ©,ezi^°''(X, U) 

where H^'^{X, L^) := ker □^''|QO,fc(x,LP) is the space of harmonic forms ( I1.28D . 

The Szego projector If''' is the orthogonal projection from to J^^''^{Y). 

The Szego projector 11°''^ is finite dimensional for the degrees k ^ q,n — q. This 
follows from the decomposition ( I1.39D and the vanishing theorem of Andreotti- 
Grauert ( I1.29D applied for both L and L*. It shows that there exits po ^ N such that 
HO,k(^X, LP) = for all p G Z with \p\ ^ po and all A; ^ g, n - g (note that R^' = -R^ 
has n — q negative and q positive eigenvalues). 

On the other hand, the Szego projector H^ '^ is infinite dimensional for the de- 
grees k = q,n — q as shown by ( I1.29D combined with the Riemann-Roch-Hirzebruch 
formula, which in turn is a consequence of the integration of the asymptotic ex- 
pansion from Theorem 11.71 over the manifold X. To obtain the result for k = n — q 
we have to replace L by L* in the above mentioned results. 

The description of the dimension of the harmonic spaces is consistent with the 
general geometric information from fT,^ and HIH p. 626], where general hyper- 
surfaces Y are considered, with non-degenerate Levi form of signature (g, n — q). 

The relation between the Bergman kernels considered in Theorem 11.71 and 
the Szego kernel 11°''^ is given by 

(1.40) P°'''(x,x) = — / Tf'\e''%,y)e-'''''U^ 

27r J si 

where x e X and y eY satisfy niy) = x. This means that the Pp'^(x, x) represent 
the Fourier coefficients of the distribution 11°''^ (y, y). Since we know the asymptotic 
expansion of Pp''^{x, x) as p — oo given in Theorem 11.71 we can recover from ( I1.40D 
the restriction on the diagonal of the Szego kernel n" '?. 

It could also be possible to work in the opposite direction and start with the 
Szego kernel. Namely, using a similar analysis as the one of Boutet de Monvel and 
Sjostrand II12II one can find the parametrix of the Szego kernel 11°''' and determine 
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its singularity on the diagonal. Then, working as Zelditch II28II (where the case 
g = is considered) one can deduce the asymptotic of Pp''^{x, x) for p ^ oo. 

The same discussion applies to U^'^-'i and the Bergman kernels p^'^^-i associated 
to L*. 

2. The coefficient h 



This Section is organized as follows. In Section 12.11 we state our main result, 
the formula for the coefficient hi for the spin*^ Dirac operator. In Section 12.21 we 
obtain an asymptotic expansion of the rescaled spin'^ Dirac operator L\ (cf ( 12. 4D ) 
in normal coordinates. In Section l2?3l we finally compute the coefficient hi. 



2.1. Main result. We use the notation in Section fLll We denote by Ict^E the 
projection from K{T<^'^^X)®E onto C®E under the decomposition A(r*(°'^)X) = C© 
A>°(T*(°'^)X). For any tensor il) on X, we denote by V^V^ the covariant derivative of 
iIj induced by V^^. Thus J G T*X®End(rX), V^V^J G T*X®T*X® End(TX). 
Let {wj} be an orthonormal basis of (T^^ ^^X, gf^^), and its dual basis {w^}. Let 
{ei}i<i<2n be an orthonormal basis of {TX,g^^). Then we denote by jV'^Jp := 
E., l(V^^)e,f . 
The following result is the main result of this paper. 

Theorem 2.1. IfJ = J, then for hi in (I1.25D . we have 

hi{x) = + \\V''J\' + AR^iw,,w,)]lc^E - K^i-^)^'!'^' 



1447r 

kl 



(2.1) 



+ ((V^^ J)w,, w^) {(y^^J)wi, Wj) A w'^Ic^Eiw, A k 



Stt V3 ^ 



;, Wi) + R^^ {Wu Wm)w^ A w''' 



1 ' 1 ' -5TX„ 



+ ^ \^^{R^^Wi,Wi) + R^^ {wuWm)Ic®Eiw^ A i^^. 



Especially, 

(2.2) TrU(^.(o.i,x)[6iW] = ^ 

The term + ||V^Jp in ( 12. 2D is called the Hermitian scalar curvature in the 
literature IflTll . IfTSl Chap. 10], Il24ll and is a natural substitute for the Riemannian 
scalar curvature in the almost-Kahler case. It was used by Donaldson 11171] to define 
the moment map on the space of compatible almost-complex structures. 

2.2. Taylor expansion of the operator L\. To compare with Il24| §1.2], in this 
part, we assume that J ) is positive, i.e. g = in ( I1.6D . 

We fix xq G X. From now on, we identify i?^^o^(o,e) with B^{xQ,e) by the ex- 
ponential map TrgX 3 Z ^ exp;f^(Z) G X. We identify Lz.Ez and {Ep)z for 
Z G 5^''o'^(0,e) to LxQ,Exo and {Ep)xo by parallel transport with respect to the 
connections V^, and V^" along the curve 72 : [0,1] 3 u uZ. Let {ejjj be an 
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oriented orthonormal basis of T^qX. We also denote by {e*}j the dual basis of {cj}. 
Let ei{Z) be the parallel transport of Cj with respect to V^^ along the above curve. 

Let Sl be an unit vector of L^^. Using Sl and the above discussion, we get an 
isometry Ep ^ (A(T*(°'^)X) O E)^^ =: E^^ on B'^-o^[0,e). Under our identification, 

Forse'^^^lT.^X, E,J,set 

(2.3) l|s||no= / \s{Z)\'^ ^o,i)^,^^dVTx{Z). 



h: 



Denote by Vu the ordinary differentiation operator on T^^X in the direction U. 

If a = (ai, ■ ■ ■ , a2n) is a multi-index, set = Zf^ ■ ■ ■ Z^^^". Let (d^'R^)^, be the 
tensor {d°'R^)x,^{ei,ej) = d°'{R^{ei,ej))xo. We denote by 7?. = J^i^i'^i = ^ the ra- 
dial vector field on M^". Recall that the function k was defined in ( I1.16& . For 

s e ^°°(5^-o^(0,£),E^J andZ G 5^-o^(0, 5), for t = set 

(2-4) 1 

Vo, = V. + -i?.^„(7^,■) , 4 = . 

By our trivialization, is self-adjoint with respect to || ■ ||o,o on ^q°°(_B^^o^(0, e/t), E^ J 
Note that comparing with IflSl (4.37)], we conjugate with k^/^ in (12. 4D . which sim- 
plifies the computation of the coefficient 61 . 

We adopt the convention that all tensors will be evaluated at the base point 
So G X, and most of the time, we will omit the subscript xq. Let =Sfo,Oi,C2 be 
the operators defined in |24, Theorem 1.4] associated the renormalized Bochner- 
Laplacian Ap^. Recall that r = R^{wj,Wj), = —R^{wi,Wm)w"^ A 1^1- Thus we 
have 



2 

0,ej 



(2.5) 



3 



3 (^''l^, e,)e„ e,> - (- ^ (^"^^)^o^ + <) e,)] Vo, 

l"l=2 

|a|=2 ■ i j 

I«l=2 
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Theorem 2.2. There are second order differential operators L^-iQ^ir ^ 1) which 
are self-adjoint with respect to \\ ■ Wo^on '^q°°(M^", E^^q), and 

L2 = -^0 — '^tUd^xo^ 



(2.6) £2 



) + (dnr) 



O2 - /^^^"^^(7^,Q)Vo,e, - ^^((V^V^J)(7^,7^),xoe^,e^) c(q) c(e. 



+ _ f + 1 Tr 



[e;, em) c{ei) c(e„) + ^ (^"^)^-o^ + ^'^S 



such that 
(2.7) 



4 = LO + X^Qr. 



r=l 



Proof Set = g'^^{ei,ej){Z) = {ei,ej)z and let {g^^{Z)) be the inverse of the 

matrix {gij{Z)). By (H Proposition 1.28] (cf. IflSl Lemma 4.5]), we have 



(2.8) 



xo 



k{Z) = I det((?,,(Z))|i/2 = 1 + 1 (7^,e,)7^,e,>^^ + ^{\Z\ 



If r'^ is the connection form of V with respect to the basis {cj}, we have (Vg. ej)(Z) 
T\.{Z)ei. Owing to (EH) (cf (H (1.32)]), 

(2.9) T\^{Z) = 1 «^(7^,e,)e. + <^(7^, e.)e„ q)^^^ + ^(1^^). 

Let r^, r^, be the connection forms of V^, V^, yciifr respect to any 
fixed frames for E, L, A(T*(°'i)X) which are parallel along the curve 7^ under our 
trivializations on _B^^o^(0,e). By |4, Proposition 1.18] the Taylor coefficients of 
T'{ej){Z) at Xo to order r are only determined by those of R' to order r — 1, and 



(2.10) 



\a\=r |Q|=r— 1 



drib . dTTOb yield on 5^-o^(0, e/t). 



t.Gj 



(2.11) 



\a\=2 



ClifF 

2--X0 



{n,ei) + 



K~^{tZ). 



By the definition of V^"^, for Y,U e ^~(X, TX), 



(2.12) 



[Vr,c(F)] = c(V--F). 
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For ^ G T*X®End(A(r*(0'i)X)) ~ r*X® (C(TX)®kC), where C{TX) is the CHfford 
algebra bundle ofTX, we still denote by V^ip the covariant derivative of ip induced 
by V^^. By using ( I2.12D . we observe that 

(2.13) V^(^(e,)c(e,)) = (V^^)(e,)c(e,) + H^VeMe,) + ^(e,)c(Vf;^e,)) 

= (V?V^)(e,)c(e,). 

Thus for A; ^ 2, 

{R^(ei,em) c{ei) c(e„,)) (tZ) = 



(2.14) Qt 

r=0 



Owing to (Q, (US, ( EUl ) and dZT^ - dZTib . 



,6;, Cm) c(e/) c(em) + 



-^2 



- g^^tZ) (V,,e.V*,e, - tr[^.(tZ)V,,e,) + -r^(t^) 



+ 



4 



(2.15) 



4i« 



2 



R 



[eu e„) c[ei) c(e„) + -rf^ + 



Note that V^g'^^ = 0. Comparing ^B, (EH), dHH), (l2A5b . with El (1.37)], we 
getdO- 

To prove the self-adjointness of L^, and Q^{r ^ 1) with respect to || ■ ||o,o on 
^Q°°(]R^", Ej^J, we observe that it follows from the fact that is self-adjoint with 
respecttoll • ||o,o on ^o~(5'^-o^(o, e/t), E^J. □ 



Let P^, P'^ be the orthogonal projections from (L2(R2", E^,,), || ||o,o) onto = 
Ker^o, KerL°, and let P^{Z, Z'), P^{Z, Z') be the smooth kernel of P^, with 
respect to dvTx{Z). Set P^^ = Id-P^, P^^ = Id-P^. Recall that g = in (fLGb . 
thus ujd < -/Uo on A>0(T*(o,i)x), by dTSb . 

(2.16) P^(Z, Z') = P^(Z, Z') W- 
Theorem 2.3. We have the relation 

(2.17) P^Q^P^ = 0. 
Proo/ By (SI (1.92), (1.94), (1.96)], we have 

(V^P^)(V,H^) = -2nV^{iV§J)V,W), 

(2.18) (V7^r),„ = -2nV^ {i\/p)wi,Wi) , 



P^CiP 



AT 



0. 
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By (ESI), dTTeb and (l2A8b . we get dTTTb . □ 

Set 

(2.19) +P^Q^(LO)-ip^"Q^(LO)^ip^" -P^Q2(^2)^'£'^" 

+ £^"(^^)-'Qi£'^Qi(^^)-'£'^" - £^Qi£^"(L°)-2q,£^. 
Then by Theorem 12 . 31 and the same argument as in II24|. §1.5, 1.6], we get 

(2.20) 6i(xo) =P2(0,0). 

By Theorem 12. 2L the third and fourth terms in ( I2.19D are adjoint of the first two 
terms, thus we only need to compute the first two terms and the last two terms in 
(l2A9b . 

2.3. Computing the coefficient bi. From now on, we assume that J = J. By Il24l. 

(2.13)], 



(2.21) 



V§J is skew-adjoint and the tensor ((V:^ J)-, ■) is of the type 

In what follows we will use the complex coordinates z = {zi, - ■ ■ ,Zn), such that 
Wi = V^iT- is an orthonormal basis ofTxl'^^X. Then Z = 2; + 2 and will also identify 



z to Zi-^ and z to Zi^_ when we consider z and z as vector fields. Remark 



that 
(2.22) 



dzi 



2 ' 



so that 



I' = \z\' 



It is very useful to rewrite ^0 by using the creation and annihilation operators. 
Set 



(2.23) 



h = -2V^ 9 = -2£ + nzi 

OZi 



bt = 2V. 



'dzi 



2j- + 7rz„ b 



ibi 



Then for any polynomial g{z,z) on z and z, 

(2.24) [h,b,] = [bi,bl] = 0, 

[g{z,z),bj] = 2i-g{z,z), [g{z,z),b+] = -2i-g{z,z) 

As J = J, a, = 27r in OI). By and (ES) (cf (SI (2.23)]), 



bn). 



(2.25) 



^0 = bjb+, Ll = bjbj + 4W A 



We found the following result in II24L Theorem 1.15]: 
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Theorem 2.4. The spectrum of the restriction of on L^(M^") is given by 

n 

(2.26) Spec^oU2(R2n) = |47r^ai : a = (ai, ■ ■ ■ , a„) G N"} 

i=l 

and an orthogonal basis of the eigenspace of Air Yl^=i (^i given by 

(2.27) r(2^exp(-^^|zi|2)) , with^eW. 

i 

From (I2.27D . we get 

(2.28) P^'i^^ Z') = exp ( - ^ 5^ + \z[\' - 2z,z[)). 

i 

As J = J here, we know the function r therein is 27m. By ( 12. 6D . ( I2.21D -( IZ^ . 

=Oi - 2vrv/^[ ((V# J)!-, ^) + 4 ((Vf J)|-, ^ ) ^^z. 



dzi 9zm 



dzi ' 
jCliff/'o d 



(2.29) TT 

- -v^((V^V^J)(7^,7^)e/,e„) c(eO c(e^) 



+ I (< + I Tr[<^"'^]) (e,, e^) c(eO c(e„) + ^r^ 
Recall that by El (1-98), (2.24)], (12:23b . 
(2.30) = 0, (6,P^)(Z,Z0 = 27r(^, -^:)P^(Z,Z'), (OiP^)(Z,0) = 0. 

By (EUSI), (EHI), iHSSI), (12:28b . (12:29b and dTHOb . as in H (2.24)], 



(2.31) (Q,P^)(Z,Z' 



1 ( (V^a J) 



dz,. 



d a \ 

dz, ' dZr, 



) dzidzm{bk + 27r4/ 



Thus by Theorem Q and relations dZ^ . and ( E3Tb . 



(2.32) ((L°)-ip^^Q^P^)(Z,Z' 



bJ^l 



((V-a J)^',J-) + f ((V#J)^^J- 



P^(Z, 



By (12:2Tb . (12:30b and (12:32b . 



(P^"(L°)-iQ^P^)(0,Z' 



(2.33) 



12 



(P^ (LO)-iQ^P^^)(Z,0) 



iV§J)i-^,^)dzdz^P''{0,Z')I, 
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Recall that L^, Qi are self-adjoint with respect to || ■ ||o,o on ^q°°(]R^", E^q). After 
taken the adjoint of ( I2.33D . by ( I2.22D . we get 



{P^Q,{LlVP!' ){Z',0) = ^((V^ J)^,^) W^^^^P^(Z',0), 
(2.34) ^™ 



Note that l^pe-^l^l' = l/vr. By (E^B, (EH, (ElU), and (12:34b . 

(2.35) (£^"(L°)-iQ^P^Q^(L°)-ip^")(0,0) 



(2.36) - (P^Q^P^^ (^2)~'2iZ'^) (0, 0) 



\ dzk W \ azk ' ™/ g^^ Sfz, 



Let /li(^) (resp. FiZ)) be polynomials in Z with degree 1 (resp. 2), then by Theorem 
iMl (12:24b . (12:^ and dTHOb . 



(^o-ip^^/iAP^)(0,0) = (^o-ip^^6i/i,P^)(0,0) 
(^o-ip^>P^)(0,0) : 



27r (92;^ 

1 



(2.37) 



47r2 dzidzj 



{{Lir^FdzidzmP!'mQ) = ^{{Lir'^^ihz,+2)dzidz^p^yo,o) 

1 / fti^i , ,_ ,_ , 1 d^F ,_ ,_ 

[i— + i)dzidZmP j (0, 0) = ^^ ^^ ^_ dzidZmlmE- 



8tt^ dzidzi V 3 / ' 247r2 dzidz. 

Observe that for a monomial Q in 6i, bf,Zi, if the total degree of 6j, Zi is not the 
same as the total degree otbl,Zi, then (QP^)(0,0) = 0. Theorem 12.41 and relations 
(12:22b . (12:25b . (12:29b . dTHOb . (12:33b and dOTb imply that 



((L°)-ip^"Q,(L°)-iQ,P^)(0,0) = ((L°)-ip^"(-87rv/^) ((Vf J)£-, 
t^t^ X ^^((V#J)J-,^)rfz;d^„P^)(0,0)W 

(2.38) 

~ 3 



Air 



((L°)-^P^^ ((Vf J)|;, (V# J) J^) P^) (0, 0)/, 



C^E 
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Now we will compute ((L^) ^P^ 0)- Dl* and dZ^ . 



(2.39) Tr[P 



1 



dzi &z„ 



By definition, for U,V e TX, we have 



(2.40) 



(V^V^J)(C7,y) - (V^V^J)(v^,t;) = [R' {U,V), J]. 



By (11(2.19)], for ms, ^3 G T(1'0)X, Ui,t;2 G T^^'^X, 



(2.41) 



By DI), DSI), (12:28b . (12:29b . (12:30b and (ESSb, 



(2.42) 



P 



+ ( P^ + - Tr 



P 



Thus by ( CTJb . (|1ZZI>, (Hm and (|131>, 



(2.43) 



p 



_d_ 

^ dZi ' (?2i . 



j^Tx^ a a 
2ti \ ^azi^ dzi' 



^ dzi ' dzi ' 



247r 



P 



TX/_d_ _a_' 

^ azi ' (tei ' 



zXwX 7\ . _ , luTXt a a \ n \ _d_ a \ 

SfZl ' 9Zm I 



1 2(V^V^J)^^ + [P' 



^ 9zi ' 92,- ^ 



> azi ' 9zi 



),^] 



P^ + i Tr 



P 



dzidzr, 
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From (12:39b . &Al\i and dTiSl) . we have 
(2.44) 

-((L°)-ip^"(Q2-(^2)£'^) (0,0) = 



An 



Tr 



R 



'_d_ _d_ 

^ dzi 1 9zi 



1 

2^ 



^""(^-^ J-) - 2v^(V-V- J)^ ^ 



+ 



]^TX/_d_ _d_\_d_ _d_ 
2AtT \ ^dzi'' 9zi> dzi'' &z„ 



dzi 



3 

Stt 



1 

8^ 
1 



'_d_ _d_ 

- CTZi ' 9Zm 



dzidzm 



127r 



By [24, (2.39)], 

(2.45) - i^,-^P-^0,P-m 0) = i- J-)^, I-) + R^ii-, i-)} I. 



By (EHI), (12:20b . (12:35b . dOSb . dOSb . dTiib . dTiSb . and the discussion after 
dCTJb . we get 



bi(x) =- 



(2.46) 



1 




vr 








+ 




367r \ 



9 _d_\_d_ JL\-\-RE(^ _\^|('\7'^ T\JL 

92, ' dzj hzj' m / ^ ^ dzj ■> &zj> 3g I V ^ ^ / 



&Zl. 



&Zk 



9 9 



If! 



dzi ' 92i 
?TX 9 9 



92fc 

^ ^ )ImEi 9 Ma 



&Zi 



dzi 



27r V 3 \ ' 92, / 



^ dzi ' dz„ 



9z„ 



dz. 



Moreover, we learn from II24L Lemma 2.2] that 



(2.47) = -{Rr^(e„e,)e„e,)=&{R-\J,,^)Jr,^) - 



We are now ready to conclude. By ( I2.46D and ( I2.47D . we get the formula ( 12.1b for 
hi. We obtain then ( 12.2b by taking the trace of ( 12. ID . The proof of Theorem 12. II is 
complete. 
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